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Fig. 2 Mach number variation with transformed total pres-
sure mass flow parameter.

In many situations, however, ms or mt is known, and
one needs to determine the Mach number. Equation (1)
has a closed form inverse which can be written as

y - l y-1

1/2
(3)

The equation has another root that corresponds to a nega-
tive M2 which is physically unreal. A closed form solution
for Eq. (2), however, is formidable. One usually resorts to
the interpolation of tables, curves, or for machine compu-
tations, iterative schemes. Due to the infinite slope of the
Mach number with respect to the mass flow parameter at
the sonic point, however, one usually encounters the prob-
lem of numerical singularity. That is, the solution is dif-
ficult to obtain near M = 1. Using the Newton method of
iteration, for example, one can reliably obtain a solution
only up to a Mach number of about 0.9 in the subsonic
region.

It has been found that such numerical singularity can
be overcome by rewriting Eq. (2) in terms of a simple
transforrned mass flow parameter which is defined as

1/2
M > 1.0

(4)

where mG)choke is the mass flow parameter at the sonic or
choking condition. Thus, Eq. (2) becomes

1/2
(5)

Where (+) and (-) are for supersonic and subsonic flows,
respectively. The Mach number variation with respect to
the transformed mass flow parameter z for air is plotted
in Fig. 2. The transformed relationship has two distinctive
advantages: 1) The infinite slope at M = 1 has disappeared,
thus, eliminating numerical problems near M = 1, 2) The
curve is nearly linear in the subsonic region, and thus one
may closely approximate the Mach number by the relation

•M* 1 -i2 0 < M < 1.0 (6)

In fact, Eq. (6) is exact for j = 1. Thus, in any iterative
scheme, Eq. (6) can be used as a close first approxima-
tion.

The inverse solution of Eq. (5) is ideal for the Newton
iterative scheme, where successive approximations to the
Mach numbers are given by

where

tm\
\dz 11 -
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2 + (y -DM/

y + i ' .
(y

(7)

(8)

2 + (y - -1

The derivative dM/dz is indeterminate at M = 1.0 but
can be determined by the L'Hospital's rule. In this case

t f - 1.0 2 (9)

Therefore, one should avoid the iteration when 2 = 0. For
such a case, however, the solution is known.
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Introduction .

ONE of the earliest attempts to treat the problem of
mixed flows at transonic speeds was the integral method
of Spreiter ^nd Alksne1 based on the nonlinear transonic
small disturbance equation. This technique was developed
in 1954 before the days of high speed computers and con-
sequently involves a minimum of numerical work. Results
obtained for circular-arc aerofoils at zero incidence com-
pare unfavourably with the result of the more recent nu-
merical methods2'4 particularly as regards the shock loca-
tion. The unsatisfactory nature of the results of Ref. 1 are
a direct consequence of approximations introduced into
the fundamental integral equation in order to simplify the
numerical work. In this note it is shown that the introduc-
tion of a simple correction factor, depending only on the
transonic similarity parameter, improves the accuracy of
the method of Ref. 1. It is suggested that this correction
factor is a universal function of the transonic similarity
parameter which, once established, can be used in subse-
quent calculations. The correction factor is found by using
the results of the recent numerical methods2'3 to locate
the shock wave porrectly in a number of examples.

Analysis

For a freestream Mach number Moo and a transonic
parameter k the fundamental integral equation obtained
by Spreiter and Alksne1 for symmetric aerofoils at zero in-
cidence is

-i .u(x,o) - — / \ / \= uT£(x) + g(x,xs) (D-

where U(x,o) is related to the surface perturbation veloci-
ty in the freestream direction, U(x,o), by
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u(x,o) = (l - (2)

UT^(X) is related to the linearised surface perturbation
velocity in the freestream direction and fs given by

(3)

where ZT(*; = (7z/(l - M, 2) ZTW; Z = ZrW denotes
the thickness distribution of the aerofoil. g(x,xs) is a field
integral defined by

where r = [(x — £)2 + f2]1/2 and *s is the shock location.
Sonic conditions exist at the surface when U(x,o) is unity
and the shock location is found by ensuring a finite accel-
eration at the sonic point; this leads to the following pair
of equations for xs and the sonic point, xsonic.

+ g(x,xs)}\

(x) + g (x, xs)} = 1/2

(5)

In order to solve Eq. (1) the double integral g(x,xs) in
Eq. (4) needs to be evaluated which requires a knowledge
of £/(£,f) over the entire flowfield. Spreiter and Alksne1

approximated the variation of U( £,f) with f by the following
relations.

(6)

Using Eq. (6) in Eq. (4) an approximation to g(xtxa),
denoted by I[x,xs, U(x,o)], can be found where

g(x,xs) ~ l[x,xs,u(x,Q)] =

and
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Surface velocity distribution on a 6% circular-arc aero-
oo = 0.872.

77(5 ~ (8)

In Ref. 1 only sharp-nosed aerofoils are considered and
the fact that the linear velocity distribution UT£ (x) is
logarithmically singular at the leading edge of sharp-nosed
aerofoils does not introduce any difficulties. For round-
nosed aerofoils, however, UT (x) has a leading edge sing-
ularity of the order of fjcj"1/2 which when substituted into
Eq. (1), leads to an imaginary value of U(x,o) near the
leading edge: this behavior can be easily eliminated if, for
example, UT£ (x) can be replaced by UTL (x)6 where

^ , [z/W]2)1'2
[ (1-A

k

(1 - AC2)

/.')>

1 [z/W
J (l-M.

f )1/2

5 '

-1

Substitution of Eqs. (7), (9) into Eq. (1) gives

(9)

, xs, U(x, 0))] (10)

and the shock location can be found using Eqs. (5), (7),
and (9).

The distribution of U(x,o) around a 6% circular arc aer-
ofoil at zero incidence when Mm- = 0.872 has been calcu-
lated and is shown in Fig. 1 compared to the results of
Murman and Cole.2 In this calculation, as in subsequent
calculations, the parameter k is taken to be

3 / 2

where 7 is the ratio of specific heats. Although the distri-
butions of U(x,o) ahead of the shock agree fairly well, the
shock location calculated using the method of Ref. 1 is
further aft than the location predicted by Murman and
Cole.2 Both the method of Murman and Cole2 and the
method of Spreiter and Alksne1 are based on the transonic
small disturbance equation and the difference between
these two results can be attributed to an inaccurate ap-
proximation of g(x,xs) by I[x,xs, U(x,o)] due to deficiencies
in the approximation formulae of Eq. (6). In order to im-
prove the results of the integral method as derived by
Spreiter and Alksne1 some means of improving the accu-
racy of the approximation to g(x,xs) must be devised.

It is found that an improved approximation to g(x,xs) is
given by

g(x, xs) = t!T(x, xs, U(x, 0)) (11)
where it is assumed that c is independent of x. Some evi-
dence for the validity of this assumption is given in Fig. 1
where it. can be seen that the velocity distribution U(x,o)
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Table 1

Aerofoil

NACA 0012"
NACA 0012b

NACA 0012C

NACA 0012C

NACA 0015"
6% Circular ared

6% Circular arcd

0.902
0.864
0.815
0.791
0.81
0.909
0.872

-0.476
-0.676
-0.952
-1.093
-0.84
-0.699
-1.01

0.895
0.675
0.49
0.39
0.56
0.84
0.735

1.56
1.50
1.45
1.43
1.48
1.43
1.35

aExample quoted in Ref. 3.
^Example quoted in Ref. 4.
cExamples calculated by the Aircraft Research Association.
^Example quoted in Ref. 2.

Values of c(x) for Several Test Cases.

ahead of the shock is given fairly accurately by the meth-
od of Ref. 1; this implies that the functional dependence
ofg(x,x8) on x is adequately represented by I[x,xs, U(x,o)}.

From the similarity laws regarding the transonic flow
around affinely related thin aerofoils the velocity distribu-
tion U(x,o) should remain unchanged provided the tran-
sonic similarity parameter, x, given by

(1-M,2) (12)

where r is the thickness parameter of the aerofoil, remains
constant. If x_is unchanged then ZT"(X) is unchanged and
hence I[x,xs,U(x,o)], given by Eq. (7), is unchanged. Fur-
thermore to first order in the thickness parameter UTL (x)
is unchanged and hence it can be implied that e is a func-
tion of the similarity parameter x- The correction factor,
c, may also be a function of additional parameters that
characterise a particular family of aerofoils but as a first
step it is assumed in this analysis that € is a function only
of x. Thus

€ = €(*) (13)

Since it has been assumed earlier that *(x) is indepen-
dent of the chordwise variable it is implied by Eq. (13)
that c(x) is the same function of x whatever the aerofoil
under consideration. The main discrepancy in the result
of Ref. 1 is in the shock location and it is proposed to find
*(x) by reference to the more exact numerical results2"4

now available to locate the shock wave accurately in a
number of examples.

Results

In the results of the numerical methods of Refs. 2-4 the
shock wave is represented by a rapid compression and for
the present purpose it is assumed that the shock wave lies
at the midpoint of this rapid compression.

Seven examples are used and details of the aerofoils and
the origin of the data as well as the calculated values of
e(x) are given in Table 1.

It is desirable to approximate the correction factor *(x)
by some analytic function of x and this is done by repre-
senting c(x) by a second order polynomial in x and corre-

(4)
STEGER-LOMAX
PRESENT METHOD
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lating the shock locations to minimise the percentage
error; *(x) is found to be given approximately by

1.614 + 0.178* + 0.0095*2 (14)
This approximation to c(x) correlates the shock locations
in the seven examples to an accuracy of 3%. It is inter-
esting to note that the variation of e(x) with x is relative-
ly small.

Having located the shock wave fairly accurately the cor-
responding pressure (or velocity) distributions can be de-
termined.

The pressure distribution (p/p0), where p0 is the stag-
nation pressure, for the flow around a NACA 0012 aerofoil
at Moo5 = 0.864 (one of the seven examples) is shown in
Fig. 2 and is compared to the pressure distribution found
by Steger and Lorn ax.4 The present results compare fav-
ourably with those of Steger and Lomax except in the im-
mediate vicinity of the shock where the pre-shock com-
pression and the post-shock expansion predicted by Oswa-
titsch and Zierup5 is evident.

In addition the velocity distribution U(x,o) over the 6%
circular arc aerofoil at Mo> = 0.872 has been calculated
and is shown in Fig. 1 for comparison with the results of
Ref. 1 and Ref. 2. The present results compare well with
those found by Murman and Cole2 ahead of the shock
wave but behind the shock there is substantial disagree-
ment. The reason for this disagreement is not clear but at
least the present results give the correct shock jump rela-
tions.
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THE current and future requirements for Aircraft/Aero-
space Visual Simulators demands ever increasing resolu-
tion. This is necessary in order that existing simulation
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